Abstract Numerical solutions to floating plasma potentials for walls emitting secondary electrons are obtained for various surface materials. The calculations are made with plasma moment equations and the secondary electron emission coefficients, which were determined from recent laboratory experiments. The results estimate the wall potentials up to the physical conditions that allow stable plasma sheaths under the space-charge-limited condition. The materials often used in the laboratory, such as aluminum, silicon, boron, molybdenum, silicon dioxide, and alumina, are considered. The minimum wall potential before the onset of space-charge-limited emission is determined by the electron temperatures at which the effective secondary electron emission coefficient integrated over the velocity distributions is about 0.62. The corresponding potential is given by −eφ0 ∼ 1.87kBT . The condition for space-charge-limited emission is newly found by numerically searching for all the stable sheaths. The new condition is −eφ0 ∼ 0.95kBT , and this predicts a wall potential that is less negative than the previously found one. Calculation of the power dissipated to the wall for hydrogen plasmas shows that there is a large difference in terms of power dissipation among the considered materials in the temperature range 20∼50 eV.
Introduction
It is often possible that the boundary surface in contact with thermal plasmas can emit lots of secondary electrons in response to impinging particles or photons from the neighboring plasmas via various physical mechanisms, such as secondary electron emission, sputtering, thermionic emission, or photoionization. The current balance that should be maintained between the surface and the plasma requires a charge separation region, called the plasma sheath [1] . This plasma sheath generates a potential difference between the boundary surface and the contacting plasmas, often called the floating potential.
Modeling of the plasma sheath in the presence of secondary electron emission based on the steadystate, one-dimensional moment equations of plasmas has been previously performed by HOBBS and WES-SON [2] . After this pioneering investigation, more elaborate and sophisticated modeling of the plasma sheath was conducted by taking into account the kinetic aspects [3∼8] , magnetic fields [9∼11] , and collisions [12∼14] , together with laboratory examinations of the theories [15∼17] . The presence of secondary electron emissions and their significance in association with laboratory instrumentation have been extensively discussed [18∼21,and references therein] . If the temperatures of the plasmas increase, the emission of the secondary electron current initially increases because of the increased secondary electron coefficient. However, no additional emission of the secondary electron current should be possible beyond a certain plasma condition because the previously emitted electrons near the surface, the space charges, impede further emissions. This space-charge-limited regime is considered to be the maximum plasma interaction of ambient plasmas with the surrounding boundary. HOBBS and WES-SON [2] obtained their solution to this space-chargelimited emission of secondary electrons based on an approximate analytic method for the case of a marginally stable plasma sheath. They found a condition for the marginal stability of the plasma sheath when the first non-vanishing term from the Taylor expansion of Poisson's equation begins to yield a non-imaginary solution.
In a recent publication, SEON et al. [22] extended HOBBS and WESSON's work by rigorously solving the plasma moment equations with numerical methods. The results identify a range of plasma parameters that allow stable secondary electron emissions, including the marginally stable emission. In this additionally determined condition of the stable secondary emissions, the magnitude of the floating wall potential can further decrease to allow stronger secondary emissions by collecting more primary electrons beyond the marginal stability. The results also showed that no additional steadystate solution exists for a certain set of plasma parameters by showing the violation of the current balance at the wall and the violation of quasi-charge neutrality at the sheath edge.
Laboratory experiments have accumulated an extensive data set for the emission of secondary electrons for various materials [23∼26] . The secondary electron coefficients from various materials, defined as the ratio of the number of emitted electrons with respect to the number of impinging primary electrons, are measured as a function of the primary monoenergetic electron energy. It has been shown that the data set can be conveniently represented with a reduced analytical form of the universal function. The purpose of this paper is to numerically calculate the plasma wall potentials with the secondary electron emission coefficients measured from these recent laboratory experiments. We will adapt the numerical method of SEON et al. [22] to include all of the stable secondary emissions to accurately determine the corresponding wall potentials. In section 2, the numerical method to calculate the sheath potential is described, followed by the experimental prescription of the secondary electron coefficient for various materials in section 3. The results and discussion are presented in section 4.
Numerical method
In this section, the following variables will be used for later analysis. These variables are from the onedimensional (1-D) Poisson's equations of plasmas in contact with an electron-emitting wall: n e (x) = primary electron number densities at position x, n s (x) = secondary electron number densities of s x, n i (x) = ion number densities at position x, ø(x) = plasma potential relative to the asymptotic ambient plasma at position x, n 0 (x) = ion number density at the sheath edge, n s0 = secondary electron number density at the sheath edge, m i , m e = ion and electron mass, respectively, v 0 = ion speed entering the sheath edge,
, E 0 e =electron energy at the sheath edge, T = electron temperature, I ew =currents of primary electrons, I iw = currents of ions, δ eff effective secondary electron coefficient integrated over electron velocities,
Consider the case of a 1-D plasma sheath for which the electron emission from the wall is included. The effect of the space charge on the sheath potential near the wall is analyzed by solving Poisson's equation within the sheath:
The main body of the plasma is located on the right side of Fig. 1 . The left boundary is an infinite planar wall that collects and emits plasmas. Here, there are three regions of interest: the sheath, pre-sheath, and plasma. In the sheath region, most of the potential drop between the plasma and the wall exists because of the charge separation of the ions and electrons. The pre-sheath is a region that connects the body of plasmas where a somewhat smaller but not negligible potential drop is expected due to various physical mechanisms such as collisions, inertia, and magnetic fields [3∼9] . Only the solutions valid in the sheath region are discussed. Assuming a Maxwellian distribution for the electrons, the electron density and ion density in the sheath are:
The secondary electrons are assumed to be emitted with an energy that is small compared to the plasma electron temperature and are accelerated through the sheath. The ions are assumed to be cold and arrive at the sheath edge with a speed v 0 . The equation of continuity for the current at the sheath, assuming that the secondary electrons are generated by incident electrons, gives the following relation for the current balance at the wall:
Here, δ eff is the effective secondary electron coefficient integrated over the Maxwellian distribution of electron velocities, and should be clearly discriminated from the conventional secondary electron coefficient for monoenergetic primary electrons. Fig.1 The concept of the plasma sheath. The potential difference between the plasma and wall is mostly found in the sheath region, where charge separation between the plasma species takes place on the order of the Debye length scale. The pre-sheath is a region that connects the body of plasmas, where a somewhat smaller but not negligible potential drop is expected due to various physical mechanisms such as collisions, inertia, and magnetic fields
Poisson's equation, as expressed purely in terms of the potential, is obtained by combining Eq. (2) with the ion and electron densities and by multiplying dφ/dx on both sides of the equation, integrating from the sheath edge to x to get
The equation is ready to be integrated in principle once the boundary conditions E and φ 0 are determined. Near the edge of the sheath boundary for which χ 1, the usual expansion of the right-hand side of Eq. (4) in order to achieve a positive definite yields the relation below for the stability of the sheath:
On the other hand, the condition that the total current should be zero at the wall for the steady-state solution can be expressed as:
(6) The well-known expression for the wall potential without the emission of secondary electrons,
e , is recovered by setting δ eff = 0 in Eq. (6). The space-charge limited solution is applicable for the case in which the electric field at the surface of the emitting wall becomes zero, and it can be shown that the following condition needs to be further met:
Solving Eqs. (5)∼ (7) simultaneously should determine the values of M 2 , χ 0 , and δ eff when the electric field normal to the emitting wall vanishes to produce a stable, space-charge limited solution.
SEON et al. [22] solved the above three equations in a numerical manner without assuming the previous conditions that HOBBS and WESSON made. In Eq. (5), if the inequality is solved, then it is possible to find additional solutions that are physically valid in the framework of 1-D Maxwellian plasmas on top of the solution that HOBBS and WESSON found based on the equality of the equation. No restricting assumptions need to be made. Specifically, it was shown that the numerical method finds a range of solutions in the parametric space of the secondary emission coefficients, for which the smallest value reproduces the results of HOBBS and WESSON.
If Eqs. (5)∼(7) must be solved simultaneously, SEON et al. proposed that the following sequence of analyses be undertaken. There are three unknowns, M 2 , χ 0 , and δ eff , to be determined from the equations. Because Eq. (5) only involves a condition for stable solutions expressed in an inequality form, we solve Eqs. (6) and (7) with respect to M 2 and χ 0 for a given fixed value of δ eff . Then the range of the δ eff value will be examined to confirm whether the stability condition in Eq. (5) is indeed satisfied. If the solution is marginal, the equality of Eq. (5) is met. If the solution corresponds to a stable sheath, the inequality condition of Eq. (5) will be satisfied. We note here that this analysis only finds a sheath solution corresponding to the space-charge-limited solution for which the electric fields at the wall vanish. This is because we first request that the integrated Poisson equation evaluated at the wall be zero together with the current balance equation. For any solution found at smaller values of δ eff than those found in this study, this only means that our analysis finds it inconsistent to simultaneously satisfy the conditions of sheath stability and zero electric fields at the wall. The possibility of having a stable sheath with non-vanishing electric fields at the wall is valid, and not addressed by the current method.
Eqs. (6) and (7) can be conveniently expressed in the following form:
The solution to this equation, as suggested by SEON et al. [22] , can be obtained with the Newton-Raphson method, which iteratively solves the following equations:
and
where
Here, the Jacobian is defined as follows
The Jacobian in Eq. (12) is analytically determined from Eq. (8) . Therefore, the Newton-Raphson method can be readily applied to this problem. The method requires an initial guess of the solution. (5) is finally examined to determine the stability of the sheath. If the stability condition is satisfied, the assumed δ eff along with the obtained M 2 and χ 0 are accepted as a set of solutions to the equations. The procedure is repeated for a range of δ eff values from δ eff = 0, for which no emission is allowed, to δ eff = 1, above which no more solutions from the steady-state equations evidently exist. The latter can be easily confirmed with an inspection of Eq. (8) because all the terms in F 1 become negative above δ eff = 1. Therefore, no more solutions can be found above δ eff = 1.
Model for secondary electron emission
The emission of secondary electrons from a solid surface can be approximated with the "universal curve" given below. Here, δ is the secondary electron coefficient for energy E with the maximum secondary electron coefficient δ max at energy E 0 max .
The general shape of this universal curve for the description of the secondary electron coefficient is illustrated in Fig. 2 . In the present investigation, several materials that are often used in the laboratory, such as aluminum (Al), silicon (Si), boron (B), molybdenum (Mo), silicon dioxide (SiO 2 ), and alumina (Al 2 O 3 ), are considered for further analysis. The appropriate parameters for each material are listed in 
Fig .2 The normalized secondary electron coefficient in terms of universal curve. The number ratio of emitted electrons and impinging electrons is empirically represented with a fitting function of Eq. (13) . Here, δ is the secondary electron coefficient for a mono-energetic beam of electron energy E with the maximum secondary electron coefficient δmax at energy E 0 max We take into account the Maxwellian electrons heading toward the wall by integrating only half of the velocity space in Eq. (14) . Here, E e is the kinetic energy of the electrons in front of the wall and is related to the electron energy at the sheath edge as E 
The integration in x should be performed from v c = 2e|φ 0 |/m e to ∞ for the given electron velocity distributions at the sheath edge because only the particles with energies exceeding this lower limit can reach the wall across the sheath. In general, the problem should be solved with the kinetic approach, but this aspect is not yet addressed in the present paper. Experimental findings in the laboratory indicate that the actual values of δ eff do not depend on φ 0 , but are usually a function of the electron temperature T [27, 28] . In the present study, we will perform a numerical integration of Eq. (14) based on the empirical model of Eq. (13) . The effective secondary electron coefficients after performing this numerical calculation are shown in Fig. 3 . It is noteworthy that, for the case of a small electron temperature for which the secondary electron coefficient is significantly smaller than unity, the following form of the emission is obtained by expanding Eq. (13) Fig.3 The effective secondary electron coefficients for aluminum, silicon, boron, molybdenum, silicon dioxide and alumina. Empirical fitting to the materials based on the universal curve is used to find the effective secondary electron coefficient integrated over the Maxwellian electron velocity distributions (color online)
Integration yields the following effective secondary electron emission coefficient for the first two terms in Eq. (16).
Here, Γ(z) is the gamma function defined as
The numerical values for Γ(3) and Γ(4.67) are 2 and 14.782, respectively. Therefore, Eq. (17) becomes
Discussion
With the secondary electron emissions appropriately determined by the empirical formula in the previous section, the potential difference between the emitting walls and the ambient plasmas can now be determined. It is a straightforward task to solve Eq. (6) to determine the wall potential as a function of the sheath Mach number, M 2 . In this study, hydrogen plasmas are assumed to be in contact with the emitting walls. As the electron temperature increases from a small value, the secondary electron emission coefficient also increases because of the larger fraction of higher incident electron energies in the velocity distributions. The effective secondary electron coefficient integrated over the entire electron velocity distributions is estimated with Eqs. (13) and (14) .
Our numerical analysis finds plasma wall potentials for various surface materials by extending the previous analysis [2] to include the stable plasma sheaths [22] , and by applying the recently obtained secondary electron emission coefficients of the surfaces determined from the laboratory experiments [23∼26] . In Fig. 4 , the wall potential as a function of the electron temperature is calculated for a set of selected materials of Al, Si, B, Mo, SiO 2 , and Al 2 O 3 . When the electron temperature is low, the potential becomes more negative for higher electron temperatures because the wall potential must adjust to reduce the increased electron currents. However, as the temperature increases, the secondary electron emission becomes prominent and reduces the net current to the wall. This secondary electron emission, in the end, increases the potential, and this trend of wall potentials, initially decreasing, reaching a minimum, and then increasing until the space-charge-limited emission, is well demonstrated in the figure.
Our analysis further shows that the minimum electrical potential before the onset of space-charge-limited emission, which characterizes the degree of electrical insulation, is not determined by the parameter δ max . This may be inconsistent with the intuitive expectation that the parameter δ max , which quantifies the capacity of the secondary emission current from the wall, should organize the electrical properties of the surface materials facing plasmas. In fact, our numerical calculation shows that the minimum wall potential before the onset of space-charge-limited emission is found when δ eff ∼ 0.61 by the relation −eø 0 ∼ 1.87k B T . In other words, the greatest negative potential of the emitting wall is determined by the electron plasma temperature that gives δ eff ∼ 0.61 from Eq. The minimum wall (most negative) potential for a given electron temperature is obtained when the plasma sheath has marginal stability corresponding to M 2 = 1.
This can be seen by observing that a higher Mach number M 2 at the sheath edge generally yields a higher ion current throughout the sheath. The negative wall potential that is required to reduce the electron currents from the plasmas toward the wall can be reduced if the ion currents are enhanced throughout the sheath, owing to the stronger injection at the sheath edge for a given secondary electron emission coefficient. Therefore, if the physical condition in the pre-sheath yields a sheath Mach number M 2 > 1, then the potential of the wall would be greater than those presented in Fig. 4 . Therefore, for a given temperature, the electric potential in Fig. 4 is considered to be the minimum, whereas the potential corresponding to the space-charge-limited emission is the maximum. If the electron temperature becomes higher than the maximum value corresponding to δ eff ∼ 0.61, the wall potential begins to increase. The strong secondary electron emission from the wall now reduces the current toward the wall and requires less negative potential in order to maintain the current balance at the boundary. However, there is a limit to this secondary electron emission because of the cumulated charge density of emitted electrons in front of the wall. The wall potential can increase only up to a critical value of space-chargelimited emission owing to the maximum emission of secondary electrons from the wall. HOBBS and WES-SON [2] found that the inclusion of the space charge effects of the secondary electrons in the sheath gives a space-charge-limited solution for a marginally stable plasma sheath. Their solution corresponds to δ eff ∼ 0.82 and −eø 0 ∼ 1.01k B T . Our analysis extends the results by numerically searching for all of the stable spacecharge-limited emissions, including the marginally stable sheath predicted by HOBBS and WESSON. For the case of hydrogen plasma, the stable sheath can maintain the wall potential −eø 0 ∼ 0.95k B T . This modified relation for space-charge-limited emission, which allows less negative wall potentials, is depicted by the dashed line in Fig. 4 .
The total electrical power dissipated to the wall is obtained by calculating the flux of the electrons and ions to the wall, assuming that each electron deposits 2k B T to the wall by the equipartition principle of velocity distributions. The cold ions are assumed to be simply accelerating toward the wall. The calculation of this electrical power dissipation is summarized in Fig. 5 . The calculation in the figure gives a quantitative description of the power dissipation for a given electron temperature from various materials emitting secondary electrons. Again, the dashed lines in Fig. 5 show the electrical power consumption for the numerically searched, space-charge-limited emission of the secondary electrons. The result demonstrates that a significant difference in the dissipated power can result from the selection of the wall material, especially in the temperature range 20∼50 eV. Fig.5 Total electrical power dissipation to the wall. The sum of the ion and electron powers dissipated to the wall is calculated from the calculated wall potential. The maximum power dissipation enveloped with the dashed line in this figure is achieved when the condition for space-chargelimited emission is met. Here, n0 and A are the plasma density and wall area, respectively (color online)
Summary
Numerical calculation of the electrical potentials is performed for walls emitting secondary electrons in contact with hydrogen plasmas. An empirical estimation of the secondary electron emissions for various materials, such as Al, Si, B, Mo, SiO 2 and Al 2 O 3 , is employed. This estimate obtained from monoenergetic electron energies is integrated over the Maxwellian electron velocity distributions to calculate the effective secondary emission coefficient, δ eff . It is found that the minimum wall potential before the onset of space-chargelimited emission takes place at a condition δ eff ∼ 0.61, with the corresponding wall potential given by relation −eø 0 ∼ 1.87k B T . The analysis also finds a new condition for the space-charge-limited emission that delineates the maximum interaction between the wall and plasma. The relation, −eø 0 = 0.95k B T , is obtained by considering all of the stable emissions of the secondary electrons with the condition of vanishing normal electric fields to the wall, and allows less negative potential than the previous result, −eø 0 ∼ 1.01k B T . Finally, the dissipated electrical power to the wall is calculated. The result clearly shows that there is a large difference in power consumption, nearly five-fold, depending on the wall material, especially in the temperature range 20∼50 eV.
